In this paper some results that concerning localization of commutative rings and modules are proved. It also, studies the effect of localization on certain types of ideals and modules such as G−ideals, G−submodules, G−weakly submodules and G−modules. Several conditions are given under which certain properties of such types of algebraic structures are preserved under localization.
Introduction
Let R be a commutative ring with identity. R is called a ZP I−ring if every non zero ideal of R can be written as a product of prime ideals of R [5] . If A is an ideal of R, then define S R (A) = {r ∈ R : ra ∈ A, for some a / ∈ A} and A is called a primal ideal if S R (A) forms an ideal of R [2] . A non empty subset S of R is called a multiplicatively closed set in R, if 0 / ∈ S and a, b ∈ S implies that ab ∈ S [5] . The localization of R at S, denoted by R S (or S −1 R [5] ), is defined as R S = { r s : r ∈ R, s ∈ S}, which is a commutative ring with identity with s s as its identity element, where s ∈ S [5] . If M is an R−module, then one can make M S as an R S −module under the module operations ∈ M S [6] and if N is a submodule of M , then we define S M (N ) = {r ∈ R : rm ∈ N , for some m / ∈ N } [1] and (N : M ) = {r ∈ R : rM ⊆ N } which is an ideal of R. A proper submodule N of M is called a primal submodule if S M (N ) forms an ideal of R [1] , this ideal is a proper ideal of R. The annihilator of M , denoted by Ann(M )(or (0 : M )), is defined as Ann(M ) = {r ∈ R : rM = 0} [4] .
Throughout, R is a commutative ring with identity and M is an R−module unless otherwise stated.
Some Preliminary Facts
(1) If A is an ideal of R, then { a p : a ∈ A, p / ∈ P } is an ideal of R P , however the converse is not true as we see in the following example. Consider the ring Z 6 . Take A = {0, 1}. Consider the prime ideal {0, 2, 4} of Z 6 . One can easily, check that (Z 6 ) {0,2,4} = { }. Now, we have S = Z 6 \{0, 2, 4} = {1, 3, 5}, which is a multiplicatively closed set in Z 6 . Then, we have { } = (Z 6 ) {0,2,4} , which is an ideal of (Z 6 ) {0,2,4} , but clearly A = {0, 1} is not an ideal of Z 6 .
(2) If S a multiplicatively closed set in R, then we have A S = { qx t : q, t ∈ S, x ∈ A} is an ideal of R. If in addition, 1 ∈ S, then A S = { a t : a ∈ A, t ∈ S}, so that, if P is a prime ideal of R, then R\P is a multiplicatively closed set in R and as 1 ∈ R\P , we have A P = { a p : a ∈ A, p / ∈ P }. (3) Let S be a multiplicatively closed set in R. If A is an ideal of R such that A S is a proper ideal of R S , then A is a proper ideal of R. But, the converse is not true, in general as we see in the following example. In the ring Z 12 , take S = {1, 2, 4, 8} and I = {0, 4, 8}. Then, one can easily calculate that,
Clearly, I is a proper ideal of Z 12 , but I S is not a proper ideal of (Z 12 ) S , so that, if P is a prime ideal of R and A is an ideal of R such that A P is a proper ideal of R P , then A is a proper ideal of R.
(4) It is easy to check that every prime ideal is primal and if I is a primal ideal of R, then S R (I) is a prime ideal of R and so that we have S R (S R (I)) = S R (I).
(5) If A is an ideal of R, then A ⊆ S R (A) and S R (A) is always a prime ideal of R, furthermore, if A is prime, then S R (A) ⊆ A, so that an ideal A is prime if and only if S R (A) = A.
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Some Preserved properties of Rings and Ideals Under Localization Proposition3.1. Let R be a commutative ring with identity and S a multiplicatively closed set in R. If A is a proper ideal of R such that S R (A) ∩ S = φ, then A S is a proper ideal of R S .
Proof. As A ⊆ S R (A), we get that A ∩ S ⊆ S R (A) ∩ S = φ, that means A ∩ S = φ. Hence, by [5, Proposition 3.5], we get A S = R S .
As a corollary to the above Proposition we give the following. Corollary3.2. Let R be a commutative ring with identity and P a prime ideal of R. If A is a proper ideal of R such that S R (A) ⊆ P , then A P is a proper ideal of R P .
Proof. If A P = R P , by [5, Proposition 3.5], we get A ∩ (R\P ) = φ, then there exists x ∈ A and x / ∈ P . As A ⊆ S R (A), we get x ∈ S R (A) but x / ∈ P , which is a contradiction, so A P = R P . Hence, A P is a proper ideal of R P .
Lemma3.3. Let R be a commutative ring with identity and P be a prime ideal of R. Let I be an ideal of R such that S R (I) ⊆ P . If a ∈ R and p / ∈ P such that a p ∈ I P , then a ∈ I. Proof. a p ∈ I P implies that qa ∈ I, for some q / ∈ P . If a / ∈ I, then q ∈ S R (I) ⊆ P , which is a contradiction. Hence, we must have a ∈ I.
Proposition3.4. Let R be a commutative ring with identity and P a prime ideal of R. If I is a proper ideal of R such that S R (I) ⊆ P , then I is a prime ideal of R if and only if I P is a prime ideal of R P . Proof. As I is prime, we have S R (I) = I, so that I ⊆ P . If I P = R P , then 1 1 ∈ I P , which gives that q.1 ∈ I, for some q / ∈ P , that is a contradiction, so that I P is a proper ideal of R P . Clearly, we have I P ⊆ S R P (I P ). Now, let r p ∈ S R P (I P ), where r ∈ R and p / ∈ P . Then, r p x q ∈ I P , for some x q / ∈ I P , this gives that rx pq ∈ I P and x / ∈ I. Then, there exists t / ∈ P such that trx ∈ I and as t, x / ∈ I and I is prime, we get r ∈ I. Hence, we have r p ∈ I P , so that S(I P ) ⊆ I P , which gives that S(I P ) = I P . Hence, I P is a prime ideal of R P . Conversely, suppose that I P is a prime ideal of R P , so that I P is a proper ideal of R P and thus we get I is a proper ideal of R. Let a, b ∈ R, such that ab ∈ I. Then ∈ I P and as I P is prime, we get a 1 ∈ I P or b 1 ∈ I P . Since, S R (I) ⊆ P , by Lemma 3.3, we get a ∈ I or b ∈ I. Hence, I is a prime ideal of R.
Lemma3.5. Let R be a commutative ring with identity and P a prime ideal of R. If I is a primal ideal of R such that S R (I) ⊆ P , then (S R (I)) P = S R P (I P ).
Proof. As I is primal, we have, S R (I) is a prime ideal of R. Let r p ∈ (S R (I)) P , for r ∈ R and p / ∈ P , from which we get qr ∈ S R (I), for some q / ∈ P , so that q / ∈ S R (I) and as S R (I) is prime, we get r ∈ S R (I), this implies, rx ∈ I, for some x / ∈ I. Now,
∈ I P , then we get x ∈ I, that is a contradiction, so that x 1 / ∈ I P , which gives that r p ∈ S R P (I P ).
Hence, (S R (I)) P ⊆ S R P (I P ). Next, let r p ∈ S R P (I P ), then r p s q ∈ I P , for some s q / ∈ I P , that means rs pq ∈ I P and s / ∈ I. Then, as S R (I) ⊆ P , we get rs ∈ I and as s / ∈ I, this gives r ∈ S R (I), which means that r p ∈ (S R (I)) P , so that S R P (I P ) ⊆ (S R (I)) P . Hence, we get (S R (I)) P = S R P (I P ).
Theorem3.6. Let R be a commutative ring with identity and P be a prime ideal of R. If I is a primal ideal of R such that S R (I) ⊆ P , then I P is a primal ideal of R P .
Proof. As I is primal, S R (I) is a prime ideal of R and so that, (S R (I)) P is an ideal of R P . By Lemma 3.5, we have (S R (I)) P = S R P (I P ), so that S R P (I P ) is an ideal of R P . Hence, I P is a primal ideal of R P . Now, we introduce the following definitions. Definition3.7. Let R be a commutative ring with identity. We define the primal spectrum of R as pSpec(R) = {I : I is a primal ideal of R} and for each ideal I ∈ pSpec(R), we define R I = {P : P is a maximal ideal of R and S R (I) ⊆ P }.
It is important to mention that:
(1) As R is a commutative ring with identity, so it has at least one maximal ideal say, P and since every maximal ideal is prime and every prime ideal is primal, so we have P is a primal ideal of R, so that P ∈ pSpec(R). Hence, we have pSpec(R) = φ.
(2) If I ∈ pSpec(R), then I is a primal ideal of R, so that S R (I) is a prime ideal of R (hence a proper ideal of R), thus there exists a maximal ideal P of R such that S R (I) ⊆ P , so that P ∈ R I . This means that for each I ∈ pSpec(R), we have R I = φ.
Definition3.8. Let R be a commutative ring with identity and I ∈ pSpec(R). We say that I is a G−ideal, if for each P ∈ R I there exist k ∈ Z + and prime ideals I 1 , I 2 , ..., I k of R such that I = I 1 I 2 ...I k and k i=1 S R (I i ) ⊆ P and we say that R is a G−ring if every proper ideal I of R is a G−ideal.
Since, each I i is a prime ideal of R in the Definition 3.8, so we get that S R (I i ) = I i , for all i and then we get
Thus, we can restate the above definition as in the following.
Let R be a commutative ring with identity and I ∈ pSpec(R). We say that I is a G−ideal, if for each P ∈ R I there exist k ∈ Z + and prime ideals
In fact, G−ideals are generalizations of prime ideals as we see below. Examples3.9.
(1) If R is a commutative ring with identity, then every prime ideal I of R is a G−ideal. Let P ∈ R I , that is P is a prime ideal of R and S R (I) ⊆ P . As, I is prime, we have S R (I) = I. Then, clearly I = I, where I is prime and I = S R (I) ⊆ P . Hence, I is a G−ideal.
(2) Now, we give an example of a G−ideal which is not prime. Consider, the ring Z 9 . The zero ideal {0} is a G−ideal but not prime. We have S Z 9 ({0}) = {0, 3, 6} ⊆ {0, 3, 6} and {0, 3, 6} is the only prime ideal of Z 9 for which S Z 9 ({0}) = {0, 3, 6}, so that R {0} = {{0, 3, 6}}. Then clearly we have {0} = {0, 3, 6}{0, 3, 6}. On the other hand, we have S Z 9 ({0, 3, 6}) = {0, 3, 6} ⊆ {0, 3, 6}. Hence, {0} is a G−ideal. Since we have, 3.3 = 0 ∈ {0} but 3 / ∈ {0}, so {0} is not prime. Thus G−ideals are generalizations of prime ideals.
(3) Z 9 is a G−ring. The proper ideals of Z 9 are {0} and {0, 3, 6}. Since, {0, 3, 6} is prime, so by (1), {0, 3, 6} is a G−ideal and we have shown in (2) , that {0} is a G−ideal in Z 9 . Hence, we get that Z 9 is a G−ring.
(4) In the ring of integers Z, we have S Z (0) = 0, so that S Z (0) ⊆ P , for each prime ideal P of Z, so that R {0} = {P : P is a prime ideal of Z} = Spec(Z).
In the following, we give a condition which makes the localization of a G−ideal is a G−ideal at maximal ideals.
Proposition3.10. Let R be a commutative ring with identity and I ∈ pSpec(R). If I is a G−ideal, then I P is a G−ideal for each P ∈ R I .
Proof. Let P ∈ R I , that is P is a maximal ideal of R and S R (I) ⊆ P . As I is a G−ideal, there exist k ∈ Z + and prime ideals I 1 , I 2 , ..., I k of R such that
It is known that, R P is a local ring with the unique maximal ideal P P [5] . Now,
so by Lemma 3.4, we have (I i ) P is prime for each i, thus, S R P ((I i ) P ) = (I i ) P , for all i. Now, since P P is the only maximal ideal of R P and each (I i ) P is a proper ideal of R P , so (I i ) P ⊆ P P , for all i(1 ≤ i ≤ k), so that we have
Lemma3.11. Let R be a commutative ring with identity and I, J are proper ideals of R. If P is a prime ideal of R such that S R (I), S R (J) ⊆ P , then I = J if and only if I P = J P .
Proof. If I = J, then clearly, I P = J P . Let I P = J P , then for any x ∈ I, we have x 1 ∈ J P . As, S R (J) ⊆ P , by Lemma 3.3, we get x ∈ J, so that I ⊆ J. Similarly, we can get J ⊆ I. Hence, we get I = J.
The following lemma proves that if P is a prime ideal of R, then every prime ideal of R P is a localization of some prime ideal of R.
Lemma3.12. Let R be a commutative ring with identity and P be a prime ideal of R. If I is a prime ideal of R P , then I = I P , where I = {r ∈ R : r 1 ∈ I} is a prime ideal of R and S R (I) ⊆ P .
Proof. It is easy to show that I is an ideal of R. To show I = I P . Let ∈ I, so we have r ∈ I, this gives that r p ∈ I P . Hence, I ⊆ I P . Next, let r p ∈ I P , then we have qr ∈ I, for some q / ∈ P , then qr 1 ∈ I. Now, as ∈ I, so that I P ⊆ I. Hence, I = I P . To show I is prime. Since, I = I P is a proper ideal of R P , so we get that I is a proper ideal of R. Let for r, s ∈ R we have rs ∈ I, then ∈ I, this gives r ∈ I or s ∈ I.
Hence, I is a prime ideal of R. It remains to show that S R (I) ⊆ P . Suppose that S R (I) P , then there exists r ∈ S R (I) and r / ∈ P , that gives rx ∈ I, for some x / ∈ I and as I is prime, we get r ∈ I, then r r ∈ I P = I. Hence, I = R P , which is a contradiction, so that S R (I) ⊆ P .
Next, In the following two results, we give some conditions under which a given ideal of R contains a product of a finite number of ideals.
Proposition3.13. Let R be a commutative ring with identity and I ∈ pSpec(R). If, P ∈ R I such that I P is a product of a finite number of prime ideals of R P , then there exists a finite number of prime ideals I 1 , I 2 , ..., I k of R such that
Proof. Since, P ∈ R I , so that P is a maximal ideal of R and S R (I) ⊆ P . Suppose that I P = I 1 .I 2 ...I k , where I i is a prime ideal of R P for each i. By Lemma 3.12, for each i(1 ≤ i ≤ k), we have I i = (I i ) P , where I i = {r ∈ R : r 1 ∈ I i } is a prime ideal of R and S R (I i ) ⊆ P . Now, we have I P = I 1 .I 2 ...
Corollary3.14. Let R be a commutative ring with identity and I ∈ pSpec(R). If R P is a ZP I−ring for each P ∈ R I , then I contains a product of a finite number of prime ideals of R.
Proof. As I is a primal ideal of R, we have S R (I) is a prime ideal of R, so that S R (I) ⊆ P , for some maximal ideal P of R. Hence, P ∈ R I and thus R P is a ZP I−ring. Now, I P is an ideal of R P and if I P = R P , then by [5, Proposition 3.5], we get I ∩ (R\P ) = φ and as I ⊆ S R (I), we get S R (I) ∩ (R\P ) = φ, which implies that there exists x ∈ S R (I) but x / ∈ P , this contradicts the fact that S R (I) ⊆ P , so that I P is a proper ideal of R P and thus I P is a product of a finite number of prime ideals of R P . Hence, by Proposition 3.13, there exists a finite number of prime ideals I 1 , I 2 , ..., I k of R such that
Some Preserved properties of Modules Under Localization
Definition4.1. Let M be an R−module. We define the primal spectrum of M as pSpec(M ) = {N : N is a primal submodule of M } and for each N ∈ pSpec(M ), we define M N = {P : P is a maximal ideal of R and S M (N ) ⊆ P }. As in Definition 3.7, one can easily deduce that pSpec(M ) = φ and M N = φ, for each N ∈ pSpec(M ).
Lemma4.2. Let M be an R−module and P a prime ideal of R. If N is a primal submodule of M such that S M (N ) ⊆ P , then (S M (N )) P = S M P (N P ).
Proof. As N is primal, we have, S M (N ) is an ideal of R. Let r p ∈ (S M (N )) P , for r ∈ R and p / ∈ P , then qr ∈ S M (N ), for some q / ∈ P and then qrx ∈ N , for some x / ∈ N . If ∈ N P , then as S M (N ) ⊆ P , by [4, Lemma 2.1], we get x ∈ N , which is a contradiction. Hence,
∈ N P , for some x q / ∈ N P and so we get trx ∈ N for some t / ∈ P and x / ∈ N , so that tr ∈ S M (N ), then we get
Theorem4.3. Let M be an R−module and P a prime ideal of R. If N ∈ pSpec(M ) such that S M (N ) ⊆ P , then N P ∈ pSpec(M P ).
Proof. As N is primal, S M (N ) is an ideal of R, so we have, (S M (N )) P is an ideal of R P and as S M (N ) ⊆ P , by Lemma 4.2, (S M (N )) P = S M P (N P ), so that S M P (N P ) is an ideal of R P . Hence, N P is a primal submodule of M P , so that N P ∈ pSpec(M P ).
Lemma4.4. Let M be an R−module and N ∈ pSpec(M ). If P ∈ M N , then M N P = {P P }.
Proof. Since, P ∈ M N , so we have P is a maximal ideal of R and S M (N ) ⊆ P and as N is a primal submodule of M , by Theorem 4.3, we have N P is a primal submodule of M P , so that S M P (N P ) is a proper ideal of R P and as P P is the (unique) maximal ideal of R P , so we have S M P (N P ) ⊆ P P , that is P P ∈ M N P . If P ∈ M N P , then P is a maximal ideal of R P and S M P (N P ) ⊆ P . But, P P is the unique maximal ideal of R P , so that P = P P . Hence, we get
Definition4.5. Let M be an R−module and N ∈ pSpec(M ). We say that N is a G−submodule (resp. a weakly G−submodule) of M , if for each P ∈ M N there exist prime ideals I 1 , I 2 , ..., I k of R and a prime submodule L of M such that
) ⊆ P and we call M as a G−module (resp. a weakly G−module) if every primal submodule of M is a G−submodule (resp. a weakly G−submodule) of M .
Proposition4.6. Let M be an R−module and N ∈ pSpec(M ). If N is a G−submodule of M , then N P is a G−submodule for each P ∈ M N .
Proof. Let P ∈ M N , that is P is a maximal ideal of R and S M (N ) ⊆ P . Then, by Theorem 4.3, N P ∈ pSpec(M P ) and by Lemma 4.4, we have M N P = {P P }. As N is a G−submodule, there exist prime ideals I 1 , I 2 , ..., I k of R and a prime submodule L of M such that
As, the same technique as in Proposition 3.10 and since k i=1 S R (I i ) ⊆ P and P P is the unique maximal ideal of R P , we can prove that each (I i ) P is a prime ideal of R P and
Since, L is a prime submodule of M and S M (L) ⊆ P , by [4, Proposition 2.21], L P is a prime submodule of M P and hence L P is a primal submodule of M P and thus
Theorem4 Lemma4.8. Let M be an R−module and P a prime ideal of R. Let N, L be proper submodules of M . Then, the following hold.
(
(2) By using (1), the proof will follows directly. Theorem4.9. Let M be an R−module and N ∈ pSpec(M ). If N P is a G−submodule of M P , for each P ∈ M N , then N is a weakly G−submodule of M .
Proof. Let P ∈ M N , so that P is a maximal ideal of R and S M (N ) ⊆ P , then by Lemma 4.4, we have M N P = {P P } and by Theorem 4.3, N P ∈ pSpec(M P ), so that S M P (N P ) ⊆ P P . As, N P is a G−submodule of M P and P P is the (unique) maximal ideal of R P , we have N P = I 1 .I 2 ...I k .L, where I i are prime ideals of R P , L is a prime submodule of M P and
∈ L} and by Lemma 3.12, for each i, we have I i = (I i ) P , where I i = {r ∈ R : r 1 ∈ I i } are prime ideals of R. Therefore, we get that
∈ L, then we get
Hence, we get r 1 ∈ S M P (L P ) ⊆ P P , which implies that qr ∈ P , for some q / ∈ P and since P is prime, we get r ∈ P . Hence, S M (L) ⊆ P . For each i we have, S R P ((I i ) P ) = S R P (I i ) ⊆ P P and since each (I i ) P is a proper ideal of R P , so (I i ) P ⊆ P P for all i. We claim that S R (I i ) ⊆ P for all i. If, for some j(1 ≤ j ≤ k), we have S R (I j ) P , then there exists x ∈ S R (I j ) = I j but x / ∈ P . Then,
∈ (I j ) P and x 1 / ∈ P P , so that (I j ) P P P , which is a contradiction. Thus, S M (I i ) ⊆ P , for each i and then, S M (L) ∪ ( k i=1 S R (I i )) ⊆ P . Hence, N is a weakly G−submodule of M . Lemma4.10. Let M be an R−module and P a prime ideal of R. If N is a proper submodule of M such that S M (N ) ⊆ P , then N is a prime submodule of M if and only if N P is a prime submodule of M P .
Proof. Let N be a prime submodule of M . As, N is proper and S M (N ) ⊆ P , by [3, Proposition 2 .17], we have N P is a proper submodule of M P . Now, let r p x q ∈ N P , but x q / ∈ N P , then we get trx ∈ N for some t / ∈ P and x / ∈ N . This gives trM ⊆ N . Now, let y u ∈ M P , where y ∈ M and u / ∈ P , then ∈ N P , so that r p M P ⊆ N P . Hence, N P is a prime submodule of M P . Conversely, suppose that N P is a prime submodule of M P , then by [3, Proposition 2.17], we get N is a proper submodule of M . Let for r ∈ R and x ∈ M , we have rx ∈ N but x / ∈ N . Then, ∈ N P and as S M (N ) ⊆ P , by [4, Lemma 2.1], we get x ∈ N , which is a contradiction. Hence, x 1 / ∈ N P . Since, N P is prime, we get ∈ N P , so by [4, Lemma 2.1], we get rm ∈ N , that is rM ⊆ N . Hence, N is a prime submodule of M .
Theorem4.11. Let M be an R−module. If M P is a G−module for every maximal ideal P of R, then M is a weakly G−module.
Proof. Let N ∈ pSpec(M ) and P ∈ M N , so that P is a maximal ideal of R and S M (N ) ⊆ P . By Theorem 4.3, N P ∈ pSpec(M P ) and by Lemma 4.4, we have M N P = {P P }, that means P P is a maximal ideal of R P , for which S M P (N P ) ⊆ P P . Since, M P is a G−module, so that N P = I 1 .I 2 ...I k .L, for the prime ideals I 1 , I 2 , ..., I k of R P and the prime submodule L of M P and S M P (L) ∪ (
